We illustrate the energy transfer during planetary flybys as a function of time using a number of flight mission examples. The energy transfer process is rather more complicated than a monotonic increase (or decrease) of energy with time. It exhibits temporary maxima and minima with time which then partially moderate before the asymptotic condition is obtained. The energy transfer to angular momentum is exhibited by an approximate Jacobi constant for the system. We demonstrate this with flybys that have shown unexplained behaviors: i) the possible onset of the "Pioneer anomaly" with the gravity assist of Pioneer 11 by Saturn to hyperbolic orbit (as well as the Pioneer 10 hyperbolic gravity assist by Jupiter) and ii) the Earth flyby anomalies of small increases in energy in the geocentric system (Galileo-I, NEAR, and Rosetta, in additioon discussing the Cassini and Messenger flybys). Perhaps some small, as yet unrecognized effect in the energy-transfer process can shed light on these anomalies. 
Planetary flybys
The use of planetary flybys for gravity assists of spacecraft became of wide interest during the 1960's, when the Jet Propulsion Laboratory (JPL) first started thinking about what became the "Grand Tours" of the 1970's and 1980's (the Voyager missions). The concept was to use flybys of the major planets to both modify the direction of the spacecraft and also to add to its heliocentric velocity. At the time many found it surprising that energy could be transferred to a spacecraft from the orbital-motion angular-momentum of a planet about the Sun, despite the fact it had been known since the works of Lagrange, Jacobi, and Tisserand on the three-body problem [1, 2] , that the energies of comets could be affected by passing near Jupiter.
2
Even in the simplest, restricted 3-body problem [2] , it is not that the energy of each object is conserved, only that the total energy of the entire system is conserved. Flybys can both give kinetic energy to a spacecraft (to boost its orbital velocity) and also can take kinetic energy from it (to slow it down for an inner body encounter).
Hohmann developed a powerful analysis tool for gravity-assist navigation, the method of patched conics [4] . At JPL clearer understandings of gravity assists were obtained from the works of Minovitch [5] and Flandro [6] . In Flandro [6] and elsewhere [7, 8] the process has been simply and intuitively described (see Figure 1 ).
Figure 1:
Geometry of a flyby, taken from [6] .
The simple vector velocities in the heliocentric system are added to the orbital velocity of the planet (taken to be constant). The initial and final velocities in the heliocentric system are v i and v f . (Our subscript-f , for final, is subscript-0 in the Figure. 
A little algebra [6, 8] gives one
Roughly speaking, in the planetary system which rotates anticlockwise, if a satellite in the ecliptic comes from inside the planetary orbit, travels behind the planet, and then goes around it counter-clockwise, kinetic energy will be added to the spacecraft. Contrarily if a satellite comes from inside the planetary orbit, travels in front of the planet, and then goes around it clockwise, kinetic energy will be taken away from the spacecraft.
Of course one is not violating conservation of energy. The energy (and angularmomentum change) is absorbed by the planet that is being flown by. However, for such a massive body the relatively infinitesimal change is not noticeable. Further, there is (in high approximation) a conserved quantity for the spacecraft in the barycentric system, Jacobi's integral [1, 2] :
where {V, L, E} are the potential, rotational-potential, and total energies, respectively, per unit mass, ω is the angular velocity of the planet (system) whose vector is aligned withẑ, the unit vector normal to planet's rotational plane. Eq. (3) is exactly a constant in the restricted 3-body problem, and shows how kinetic energy can be exchanged with angular momentum during a flyby.
In this paper we are going to discuss two unusual results that are associated with planetary flybys. The first is the possible "onset" of the Pioneer anomaly when a major planet gravity assist was used to reach hyperbolic orbit. The second result is even more surprising, that during Earth flybys at least three craft have exhibited a small velocity increase so that the outbound hyperbolic orbits in the Earth system have different energies than the inbound orbits.
In the following sections we will discuss these anomalies from the energy transfer viewpoint. For the orbits we discuss we obtained information from JPL's Solar System Dynamics web site [9] . Note that, although this information is precise enough to demonstrate the general energy-transfer properties, to glean out the small anomalies we are ultimately interested in understanding, more precise orbit determinations are necessary, particularly with regard to the Pioneer anomaly. We conclude with a discussion. (In Appendix A we describe how the original trajectory data was obtained and in Appendix B we give further details on the accuracy of the calculations used in this paper.)
2 "Onset" of the Pioneer anomaly with a flyby boost to hyperbolic orbit?
Analysis of the radio tracking data from the Pioneer 10/11 spacecraft [10, 11] As to the orbits of the Pioneers (see [12] for more details), Pioneer 10, launched on 3 March 1972 ET (2 March local time) was the first craft launched into deep space and the first to reach an outer giant planet, Jupiter, on 4 Dec. 1973. During its Earth-Jupiter cruise Pioneer 10 was still bound to the solar system. With Jupiter encounter, Pioneer 10 reached solar system escape velocity. It is now headed in the general direction opposite to the relative motion of the solar system in the local interstellar dust cloud. (Figure 2 shows the Pioneer 10 and 11 interior solar system orbits.) Figure 2 : The Pioneer 10 and 11 orbits in the interior of the solar system. Pioneer 11, launched on 6 April 1973 (ET), cruised to Jupiter on an approximate heliocentric elliptical orbit. On 2 Dec. 1974 Pioneer 11 reached Jupiter, where it underwent the Jupiter gravity assist that sent it back inside the solar system to catch up with Saturn on the far side. It was then still on an elliptical orbit, but a more energetic one. Pioneer 11 reached Saturn on 1 Sept. 1979. After its encounter with Saturn, Pioneer 11 was on an escape hyperbolic orbit. The motion of Pioneer 11 is approximately in the direction of the Sun's relative motion in the local interstellar dust cloud (towards the heliopause). It is roughly anti-parallel to the direction of Pioneer 10.
Why this is of interest is that, as early as about 1980 orbit determination results [13] began to show an unmodeled acceleration (see Figure 3 , what later became known as the Pioneer anomaly [10, 11] . Note that in Figure 3 there is an apparent onset of the anomaly for Pioneer 11 as it passed by Saturn and reached hyperbolic orbit. If further study demonstrates that the onset of the Pioneer 11 anomaly was indeed close to the encountered Saturn encounter time and initiation of the unbound hyperbolic orbit, then the obvious question would be if a similar thing happened to Pioneer 10 during its Jupiter encounter, when hyperbolic orbit was obtained [12] .
Such further study would be a part of the overall effort to understand the timedependences and precise direction of the anomaly [12] . Since the early trajectory data has been retrieved [14] , such work will soon be underway. In the meantime we here investigate the mechanism of the energy-transfer process. In preparation, in Table 1 we show the orbital elements of the Pioneers at the flybys, which resulted in hyperbolic escape trajectories from the solar system. 
Pioneer 11 at Saturn
As previously stated, it technically is imprecise to consider the total energy of the Pioneer 11 spacecraft separately from that of the rest of the solar system. Nonetheless, consider the 4-body problem with i) the solar-system barycenter (differing from the center because of Jupiter) as the origin of inertial coordinates and with ii) the potential energy given by the Sun, Saturn including its leading multipoles (up to octapole), and Titan. One can then ask what is the total energy of the spacecraft, E P , with time.
In the Saturn-centered frame one expects everything to be symmetric before and after encounter. Going to the solar system barycenter frame, to first approximation one a priori might anticipate a continuous, monotonic transfer of energy with time. There would be a steady monotonic increase of energy before encounter and then a smooth still-monotonically increasing transition to a new constant energy after encounter.
While at Saturn, the time histories for Pioneer 11's kinetic energy, Saturn's contribution to the potential energy, the total energy, and the determined value of the Jaobi "constant" (all per unit mass) are given in Figure 4 . about closest approach to Saturn in hours: (first row) the kinetic energy (K P = K P /m P ) and Saturn's contribution to the potential energy; (second row) the total energy (E P = E P /m P ) and the determined value of the Jacobi "constant" (J) computed using Eq. (3). The latter shows the small residuals about the fit. Figure 4 might surprise even though, as we come to below, it was to be expected. Its up-down asymmetry is huge and there is nothing like left-right symmetry. Pioneer 11 reached a state of positive total energy about 2-1/2 hours before closest approach to Saturn. But then the spacecraft first gained more than the final energy-shift from the planet and then lost some. Does this make sense? If we go back to Section 1 it does.
Reconsider Figure 1 and Eqs. (1) and (2) . These last are asymptotic formulae. But we can make them a time-dependent formulae by changing v ′ f to v ′ (t). Then, we have
The second term is a constant. By looking at Figure 1 one can see that the first term gives the spike after periapsis. As the satellite goes around the back side of the planet, v ′ (t) starts to align with v p . The maximum of ∆K is reached when v ′ (t) is parallel with v p . This occurs just after periapsis. Then as the satellite swings around further, v ′ (t) goes out of alignment with v p so ∆K(t) decreases some. The first three graphs of Figure  4 now makes sense and it is clear what would happen if the orbit went the other way (gravity-decrease of total energy).
The last graph of Figure 4 shows that the energy comes from angular momentum (L). Refer to Eq. 3. E(⊔) has been calculated as a function of time and was shown in the third graph of Figure 4 .ẑ, r, and v can be calculated. Therefore, using J, the period τ , and the declination and right ascension (δ z and α z ) of the rotation axisẑ as parameters, a singular value decomposition (SVD) fit was done to compare
The three degree of freedom fit results are: J = −121.58 (km/s) 2 ; τ = 23.97 yr; δ z = 54.68
• ; and α z = 268.75
• . The resulting period is reasonably close to Saturn's orbital period of 29.4475 yr and the direction of the angular velocity is close to the ecliptic pole at α = 270
• , δ = 66.5607
• . Further, the implied plot of E is indistinguishable from the third graph in Figure 4 on that scale.
The small deviation of J from a constant is shown in the last graph of Figure 4 . The fact that J is almost the same before and after flyby constitutes Tisserand's criteria for the identification of comets. J is not exactly constant because the real problem is not derived from a static rotating potential of the restricted 3-body problem. The presence of Titan, as well as an oblate Saturn whose rotational axis is not aligned with its inertial orbit, both introduce time explicitly into the rotating system. This is demonstrated by the deviations from constancy being closest near perigee. Note that the Saturn rotational pole is closer in direction to the Earth's pole than it is to the pole of the ecliptic, or the pole of Saturn's orbit.
Pioneer 10 at Jupiter
Similarly, in Figure 5 we describe the energy-transfer process of the Pioneer 10 flyby of Jupiter, with the solar-system barycenter as the origin of inertial coordinates. The potential energy is given by the Sun, Jupiter with its leading multipoles (up to octapole), and the four Galilean satellites.
The first row of Fig. 5 shows, as a function of time, the kinetic and the Jupitercaused potential energies (per unit mass) of Pioneer 10 during its Jupiter flyby. 4 The third graph in Fig. 5 shown the total energy as a function of time. It is similar to to the graph in Figure 4 except that the total energy exhibits a slight dip before its large rise as it approaches periapsis.
Again using J, τ , δ z , and α z as parameters, an SVD fit using three degrees of freedom was done to compare the two sides of Eq. 5. The results are reasonable: J = −234.93 (km/s) 2 ; τ = 10.70 yr; δ z = 72.57
The resulting period is close to Jupiter's orbital period of 11.8626 yr and the direction of the angular velocity is close to the ecliptic pole at α = 270
• .
- about closest approach to Jupiter in hours: (first row) the kinetic energy (K P = K P /m P ) and Saturn's contribution to the potential energy; (second row) the total energy (E P = E P /m P ) and the determined value of the Jacobi "constant" (J) computed using Eq. (3). The latter shows the small residuals about the fit.
One therefore again sees that the energy comes from angular momentum. Using the values obtained for E(t) and L(t) yields a "J(t)," given by the last graph in Figure 5 . Again the Jacobi constant J is still relatively "constant." It is not exactly a constant because the real problem is not derived from a static rotating potential. The presence of the four Galilean satellites and an oblate Jupiter not aligned with its inertial orbit introduces the time explicitly in the rotating system. Note that the Jupiter pole is aligned closely to the pole of the ecliptic and to the pole of Jupiter's orbit.
The anomalous Earth flybys
Earth flybys can be an effective technique for increasing or decreasing a spacecraft's heliocentric orbital velocity far beyond the capability of its propulsion system [15, 16] . It can also be done repeatedly on the time scale of a year. This technique, called Earth Gravity Assist (EGA), depends on the bending of the geocentric trajectory during the flyby, which in turn results in a change in the direction of the spacecraft's geocentric velocity vector. This change in direction can cause either a decrease or increase in heliocentric orbital energy, depending on whether the spacecraft encounters Earth on the leading or trailing side of its orbital path.
During the flyby the total energy and angular momentum of the solar system are conserved. Further, independent of the heliocentric energy change of the craft itself, the spacecraft's total geocentric orbital energy per unit mass should be the same before and after the flyby. The data indicates this is not always true.
Instead, for Earth flybys by the Galileo, NEAR, and Rosetta spacecraft, the geocentric orbital energy after the closest approach to Earth was noticeably greater than the orbital energy before closest approach. So far, no mechanism, either external or internal to the spacecraft, that could produce these observed net changes in orbital energy has been identified. Table 2 shows a summary of the orbital information for these three flybys and also for the interesting Cassini and Messenger flybys. The values in the Table come mainly from primary sources, and agree to three+ significant figures using orbital information from Horizons [9] . (See Appendix B.) Observe that our altitude, A, is the altitude at closest approach above a reference sphere with radius given in Appendix B. These are the radii associated with the gravity fields and are not necessarily the measured mean equatorial radii. The Messenger numbers, and a few others, come primarily from our Horizons calculations. 
The first Galileo flyby, GEGA1
The Galileo spacecraft, launched on 18 October 1989, made use of two EGAs to propel it on a trajectory to Jupiter. The first, GEGA1, occurred on 8 December 1990 at a flyby velocity of v F = 13.7 km/s and at an altitude A = 956 km (flyby radius r F = 7, 334 km). Soon thereafter, an analysis of radio ranging and Doppler tracking data revealed that the pre-and post-encounter data could not be reconciled without the introduction of a small but significant ∆v F ∼ 2.5 mm/s velocity increase at or near the time of closest approach to Earth [17] . Unfortunately, during the closest approach the spacecraft was moving too fast and at too low an altitude for any station of the Deep Space Network (DSN) to track it. Hence the time history of the velocity increase was not obtainable. Even so, a later detailed analysis [18] found that, when expressed in terms of the orbital hyperbolic excess velocity v ∞ = 8.949 km/s, the increase was ∆v ∞ = (3.921 ± 0.078) mm/s. The equivalent orbital energy increase per unit mass at flyby was
(See column 2 of Table 2 .) Now consider GEGA1 from the energy transfer point of view, including the potential energies from the Earth, Sun, the Moon, Jupiter, and the Earth's quadrapole moment. The last three effects, although interesting, are small. The Sun's effect is significantly greater, of order 900 (km/s) 2 , but the change during flyby was small. (See the discussion for comments on the Sun's and Moon's potentials.) That left the Earth's potential energy as the main potential change, this not being surprising of course. In the first row of Figure  6 we show, respectively, Galileo's kinetic and potential energy from Earth (per unit mass) during flyby. In the second row of Figure 6 we show (per unit mass) Galileo's total energy and the variation about the fit to the Jacobi constant, -1414.6069 (km/s) 2 , during flyby.
The interesting changes are seen in Galileo's kinetic energy and total energy. As with Pioneer 11, there is a peak in kinetic energy transfer after periapsis, which peak then comes down to the asymptotic value. This peak is transfered to the total energy. The peak is smaller in total relative size that Pioneer 11's because of the different scales of the two flybys. The fit to J = −1414.6069 (km/s) 2 is better than the accuracy of the calculations.
With only GEGA1 available to suggest an anomalous Earth flyby, and with no data to characterize the time history of the anomaly, this result was not widely reported. (A second flyby, GEGA2, occurred on 8 December 1992, but any potential anomaly was masked by the effects of low altitude drag [19] . 5 )
The NEAR flyby (NEGA)
On 23 January 1998 the NEAR spacecraft flew by Earth (NEGA) at a velocity of v F = 12.7 km/s and at an altitude in the geocentric system A = 532 km. An analysis of the tracking data revealed that an orbital energy increase occurred in the vicinity of closest approach. This was true even though this flyby gave a negative gravity assist, to reach Eros after the further-out orbital encounter with Mathilde.
Here the encounter came from outside the Earth's orbit, and the peak energy transfer occurred just before periapsis. Further, the peak was a positive transfer even though the final transfer was negative. This emphasizes the importance of the vector orientation of the two orbits.
When expressed in terms of the orbital hyperbolic excess velocity v ∞ = 6.851 km/s, the increase for NEAR was [18] ∆v ∞ = (13.46 ± 0.13) mm/s. The equivalent orbital energy increase was (92.21 ± 0.89) J/kg. (See column 3 of Table 2 .) Figure 7 shows the kinetic energy and the Earth's potential energy on NEAR and NEAR's total energy and the variation about the fit to the Jacobi constant of J = −1325.5466 (km/s) 2 , all per unit mass as a function of time about periapsis. 
Cassini
The NEAR result increased interest in the then upcoming Earth flyby by the Cassini spacecraft on 18 August 1999. The Cassini flyby altitude was 1171 km and its velocity of v F = 19.03 km/s were greater than those for either GEGA1 or NEGA. It is the only Earth flyby considered here that was prograde relative to Earth's rotation. (From a point on the Earth it travels overhead from west to east and hence its inclination is less than 90
• .) Figure 8 shows the kinetic energy and the Earth's potential energy on Cassini and Cassini's total energy and the fit about the determined Jacobi constant of J = −1175.3385 (km/ What, then, about any anomalous energy shift? This time any anomalous orbital energy increase was smaller, not surprising given the larger distance from the Earth [20] . Unfortunately, at the epoch of Cassini periapse, an explicit velocity increment of order 2.1 mm/s occurred as the result of a series of attitude control jet firings [21] , effectively masking any observation of anomalous energy shift. Further analysis of the attitude jet firings will be needed, but for now we take as an upper limit for any anomalous energy shift 10% of the velocity increment currently attributed to the attitude jet firings , i.e., -0.2 mm/s. Any significance of the negative sign relative to the prograde motion awaits further explanation. 
Rosetta
The next Earth flyby was by Rosetta, on 4 March 2005. It too gave a positive signal of an anomalous energy gain. Rosetta was an ESA craft tracked primarily through ESA's European Space Operations Centre (ESOC), and in part by NASA's DSN. This provided somewhat independent data analysis [22] for any obtained ∆v. The results, primarily from Ref. [22] , are shown in column 5 of Table 2 . There was an anomalous velocity increase of ∆v ∞ = (1.82 ± 0.05) mm/s. Figure 9 shows the kinetic energy and the Earth's potential energy on Rosetta and Rosetta's total energy and the fit to a Jacobi constant of J = −1274.7442 (km/s) 2 , all per unit mass as a function of time about periapsis. To calculate this figure we used an Horizons orbit [9] with closest approach at 22:09 UTC on 4 March 2005 and at an altitude of 1954 km. The energy transfer curves are similar in character to those for Pioneer 11 and GEGA1. 
Messenger
Early analysis results are also in hand from the Messenger craft, which had an EGA on Table 2 .) This, like NEAR, provided a negative gravity assist, taking energy away to eventually achieve Mercury's orbit. But the energy transfer curves are very different than NEAR's. In Figure 10 we plot energy functions for the Messenger flyby. (Similar to our other calculations, the total potential energy includes contributions from the Sun, the Earth and its quadrapole moment, the Moon, and Jupiter.) Unlike NEAR, where there was first a positive energy transfer spike, here the figures are more an up-down reflection of the Pioneer 11 and GEGA1 figures. There is a continuous decrease of energy with time to a negative spike, and then a relaxation to the final transfer energy.
Note that now the kinetic and total energies decrease until just after periapsis and then increase somewhat to their final values. So this time the energy transfer is more a mirror of the GEGA1 case rather than mimicking the NEAR negative gravity assist.
The preliminary analysis of the flyby has not, to date, shown any significant evidence for an anomalous energy. 
Discussion
Having described the dynamical situations of these anomalous flybys, the question arises if there is any insight that might be obtained. We note again that the best-fit values of the rotational frequencies obtained for the Jacobi constants differ a bit from the physical values. A priori this could in principle be due to missing mass, a misorientation of the invariable plane, an added force, or a light speed anomaly, all of which could be mapped into one another without better knowledge. In this light, it is useful to recall another result from the study of the Pioneer anomaly, that there are apparent annual and diurnal terms on top of the constant anomaly [11] . These are most apparent in clear data sets that came when the Pioneers were at large distances from the Sun. In Figure 11 we show examples of this type of signal.
In discussions of the Pioneer anomaly, these annual/diurnal terms should be kept in mind.
Going on to the Earth flybys, since the mass distribution of the Earth and the dynamics of EGAs are supposedly well known, people have started to ask if there is at least some phenomenological pattern to the EGA anomalies [24, 25] .
Note that the simplest Newtonian version of the problem is the hyperbolic orbit in the geocentric system:
Figure 11: On the left are ODP 1-day batch-sequential acceleration residuals using the Pioneer 10 data set from 1987.0 to 1998.5 [11] . Maneuver times are indicated by the vertical dashed lines. The annual term is apparent as an overlay to the constant baseline.
On the right are CHASMP program acceleration residuals from 23 November 1996 to 23 December 1996 [11] . A clear modeling error is represented by the solid diurnal curve.
(An annual term maximum is also seen as a background.)
In principle three of these parameters, say v ∞ , ǫ, and r F , determine the trajectory. Therefore, one might consider looking for phenomenological patterns using such variables. Another consideration is the largest non-Earth perturbation, which comes from the Moon. (Jupiter has a larger potential contribution but it is the potential gradient (force) that is important.) In Figure 12 we show the potential energies from the Moon during the GEGA1, NEAR, Cassini, Rosetta, and Messenger flybys. The Moon's positional dependence could be important as it is part of a separate three-body problem. Also, in Figure 13 we shown the potential energies from the Sun during the respective Earth flybys. These are large but do not change much during the flybys.
We have presented a description and brief discussion of the physics of the energytransfer process that occurs during planetary flybys. We have also presented a series of intriguing real-world results associated with flybys that belie our current understanding of the underlying physics. It is hoped that further study, which we encourage, can reconcile this situation. APPENDIX A: Navigation data
The navigation results utilized in this paper for Pioneer 10 at Jupiter, Pioneer 11 at Saturn, [11] , and for the Galileo, NEAR, and Cassini Earth flybys [18] were produced at JPL/Caltech in Pasadena, California with the Orbit Determination Program (ODP).
The results for Messenger were produced at KinetX Corporation in Simi Valley California with their Mirage software [26] , a navigational system developed at JPL and therefore profoundly similar to the ODP. The results for Rosetta were produced at the European Space Agencys European Space Operation Center (ESA-ESOC) in Darmstadt Germany. The software is independent of JPLs ODP, although like ODP it is based on a batch least squares procedure. It is intended primarily to fit Doppler and ranging data from ESAs 35m New Norcia (NNO) station near Perth Australia, a station of ESAs Intermediate Frequency Modulation System (IFMS), but it can fit data from DSN tracking stations as well. The Rosetta Radio Science Team, which depends on both IFMS and DSN tracking data, is a collaboration of ESA and NASA scientists [27, 28] .
All these software systems depend on similar fitting models [29] . The dynamical models are referred to the J2000 inertial reference frame of the JPL export ephemerides, with Barycentric Dynamical Time (TDB) as the independent variable for the spacecrafts vector position and velocity. In addition to the Newtonian attraction of the planets and the Moon, including a high degree and order truncated Legendre expansion of the Earths gravitational potential, the models include post-Newtonian corrections consistent with the theory of general relativity, models for the reaction forces from solar-radiation pressure on the spacecraft, models for orbital trim maneuvers, and stochastic small forces from gas leaks, nonisotropic thermal emission, and uncoupled control jets. The numerical integration of the equations of motion is referred to the Earths center of mass for the Earth flybys, although the integration is dynamically consistent with the inertial solarsystem barycenter as the dynamical center. The Doppler and ranging data are corrected for transponder delay, refraction in the Earths troposphere and ionosphere, and for refraction by interplanetary plasma, the latter being of small concern for the Earth flybys. Corrections are also applied for variability in the length of day, the Earths rotation, and for polar wandering in the Earths body-fixed coordinate system.
The data delivered for analysis depends on the ground system, whether DSN or IFMS, and whether closed loop or open loop. For all the Earth flybys, the data is available in the closed loop mode and are extracted at the stations by counting cycles of a sinusoidal signal recorded by digital receivers as a function of time (UTC). The data acquisition and data processing is similar for the DSN and IFMS and the delivered data are compatible. The raw data (cycle count) for the Earth flybys is available in archival tracking data format (ATDF). The first level of data processing is done by the DSN or by IFMS and is delivered as an Orbit Data File (ODF). The ODF consists of samples of Doppler frequency shift, defined as the difference of cycle count at a predetermined Doppler integration time TC divided by TC and referenced to a time variable uplink frequency as recorded by the transmitting station [29] .
The result is called closed-loop two-way Doppler data when the transmitter and re-ceiver are at the same station, and three-way Doppler data when the transmitter and receiver are at different stations. Ranging data is delivered on the ODF at the sample times recorded by the ranging receivers at the station and is in ranging units RU, which can be converted to a round-trip light time in UTC seconds [29] . Any further data processing is done by the data analyst, and it is done with a software system such as JPLs ODP that accepts an ODF file as input data. In that sense, the data displayed in Table  2 , including the anomalous Earth-flyby results, can be taken as processed tracking data. There is no need to go back to the processed data on the ODF, or the raw data on the ATDF, except for purposes of running independent checks on the data processing that leads to the results of Table 2 .
APPENDIX B I: Major planet flybys by the Pioneers
The Pioneer calculations used the potentials from the Sun, Jupiter, and Saturn (GM S ), the Earth's effect being very small and hence possible to ignore. For the Pioneer 11 flyby of Saturn, the specific Newtonian approximation used to calculate E was,
where the velocity v is with respect to the solar-system barycenter (SSB) at distance r ⊙ with solar constant GM ⊙ . The gravitational constant for the Saturn system is GM S . Saturn's oblateness coefficients are given by J S 2 , J S 4 , and J S 6 for a reference radius R S , P n is the Legendre polynomial of degree n, and the sine of the latitude φ is obtained by the scalar product of the unit vectork directed to Saturn's north pole and the unit vectorr S directed from Saturn's barycenter to the spacecraft. The right ascension and declination of the Saturn pole in J2000 coordinates is given by α Jupiter simply adds a constant bias to the energy over the time interval of the flyby, and can be ignored. The flyby is referenced to the barycenter of the Saturn system, rather than the center of the planet, with r S the distance between the Saturn barycenter and the spacecraft. By using the barycenter, the satellites of the system are accounted for, and the approximation to the energy is more accurate, just so long as the spacecraft does not approach a satellite at close range.
The energy calculation for the Pioneer 10 flyby of Jupiter is formulated exactly the same as in Eq. (9) for Saturn, but with the subscript/superscript S replaced by J. The values of the Jupiter constants are also given in subsection III.
According to the Horizons trajectory, the closest approach of Pioneer 11 to the Saturn barycenter was 79446 km on 1 [12, 14] .
II: Earth flybys
The energy calculations for the Earth flybys are also based on spacecraft trajectories archived in JPL's Horizons system [9] . As such, the accuracy of the spacecraft orbits is limited by whatever trajectory file was delivered to Horizons by a navigation team working for a particular flight project at the time of the flyby. Presumably, all the delivered trajectories provide a good fit to the DSN (or ESOC) radio Doppler and range data generated during the flyby. However, even though we can assume the trajectories provide a good fit to the data, the use of the Horizons system to compute orbital energies has its limitations.
A conservative estimate of the error introduced by the Horizons system can be obtained by doing the energy calculations both by the "observer" method and also by the"vector" method and comparing the results. We conclude that the Horizons system introduces an error of no more than 0.1 (km/s) 2 . We proceed with the energy calculations with the Horizons' data, but restrict the application of E to three significant digits.
In the end, any inconsistencies between the inbound and outbound Earth flyby data have been reconciled by the introduction of a fictitious maneuver at perigee in the direction of the spacecraft motion. For the Galileo, NEAR, and Rosetta flybys, such a maneuver definitely is needed in order to fit all the inbound and outbound data to the noise level with a single trajectory.
Another potential problem with the energy calculations is that the total orbital energy per unit mass, E, is computed with the Newtonian approximation in inertial coordinates. However, the spacecraft trajectory and the JPL ephemerides are computed consistently to post-Newtonian order (order v 2 /c 2 ). It is not solely that post-Newtonian terms of order 10 −8 should be added to the energy calculation, although this could be done, but rather that the constants and coordinate positions of the planets and the Moon would be different if the solar-system data were fit with a Newtonian model as opposed to the relativistic model actually used.
However, if the coordinates are evaluated at the dynamical time TDB of the ephemeris, and the constants of the ephemeris are used in the calculation, the value of E should be good dynamically to at least seven significant digits. The Horizons trajectories limit the E calculation, not relativity considerations. Consequently, we include only four principal bodies in the Earth flyby calculations; the Earth, along with its oblateness coefficient, the Sun, the Moon, and Jupiter. This assures that the result for E is good to three significant digits.
The Newtonian approximation used to calculate E for Earth flybys is the following:
where the velocity v is with respect to the SSB, and the gravitational constants are GM ⊙ for the Sun, GM M for the Moon, GM J for the Jupiter system, and GM ⊕ for the Earth. The Earth's oblateness coefficient is J ⊕ 2 for a reference radius R ⊕ , P 2 is the Legendre polynomial of degree two, and we approximate the true geocentric latitude by the declination δ in inertial coordinates. Because the J ⊕ 2 term adds a maximum magnitude of 0.02 (km/s)
2 to E for the NEAR trajectory, it can be approximated by the declination and still be below our level of assumed systematic error. The spacecraft-body separation distances are r ⊙ , r M , r J , and r ⊕ for the Sun, Moon, Jupiter's barycenter, and Earth.
III: Numerical values of constants
The solar and Saturn constants used in the Pioneer 11 calculation are the following [9]: GM ⊙ = 132712440018 km 3 /s
